Abstract: This paper deals with an approximation of a derivative using a dynamic system of the first order. After formulating the problem, two propositions, allowing to find a possible approximation consisting of a dynamic system, are proven. In particular, a proposition based on a Lyapunov approach is proven to show the convergence of the approximation. The second proposition is a constructive one and shows directly the dynamic approximation.
Introduction and Motivation
Derivatives and structures using derivatives, as for instance PD-controllers, are very often used in industrial applications. Such kind of controllers are much used in practical applications of any nature. They are used also in electromagnetic valve control, [1] and more recently in [2] , [3] , [4] and [5] . This contribution url: www.acadpubl.eu emphasizes some mathematical aspects of the algorithm which the author used in practical applications such as for instance in [6] and in [7] . In particular, in [6] this algorithm is used in designing a velocity observer in the context of a throttle valve control. In [7] a similar algorithm is used to estimate the parameters identification in the application in which a synchronous motor is proposed. This paper extends the results presented in [8] , removing some conservative hypotheses, and proposes an approximated derivative structure to be taken into account for such kind of applications so that spikes, noise and any other kind of undesired signals which occur from the derivatives can be reduced. After the problem formulation this paper proves a proposition which allows to build this possible approximation of the derivative using a dynamic system. The paper is structured as follows. In Section 2 the problem formulation and a possible solution are proposed. At the end a remark discusses the results and the conclusion closes the paper.
An Approximated Derivative Structure
Using the derivative structures, imprecision occurs. The imprecision is due to spikes generating power dissipation. The idea is to find an approximated structure of general derivatives as they occur in mathematical calculations which are often used also in technical problems as proportional derivative controllers. The following formulation states the problem in a mathematical way. Problem 1. If the following differential expression is given:
where function e y (t) ∈ R is very often the difference between a desired and an achieved signal (e y (t) = y d (t) − y(t)) in control problems. Variable t ∈ R represents the time variable. The aim of the proposed approach is to look for an approximating expressionr(t, e y (t), k d , k app ), where k d is a constant and k app is a parameter, such that:
Proposition 1. Considering Eq. (1), then there exists a function M > 0 such that, if the following dynamic system is considered:
where r(t) represents the real derivative function andr(t) the approximated derivative function, considering the following error:
if
and
then lim t→+∞ e r (t) = 0.
Proof. Considering the following approximate dynamic system:
where M can be a function of e y (t) or a parameter with M ∈ R. If e r (t) = r(t) −r(t),
After inserting Eq. (8) into Eq. (10) it follows:
if Eq. (1) is taken into consideration, then Eq. (11) becomes as follows:
If the following Lyapunov function is considered:
and considering that: ∂V e r (t) ∂t = e r (t) ∂e r (t) ∂t .
According to Eq. (12) it is possible to write the following expression:
and thus from Eq. (14) it follows that:
Considering Eq. (8), then:
and ∂e r (t) ∂t
as stated by the hypothesis in Eq. (5), then:
and thus ∂r(t) ∂t
Considering that:
as stated by the hypothesis in Eq. (6), then:
So Eq. (12) is uniformly asymptotically stable and Eq. (7) is proven.
Proposition 2. The dynamic system
where function η(t) ∈ R, solves the problem defined above.
A supplementary variable is defined as:
where N (e y (t)) is a function to be designed with N (e y (t)) ∈ R.
let
If N (e y (t)) = k app e y (t), then M =
, then the asymptotical stability is always guaranteed for k app > 0 and the rate of convergence can also be specified by k app > 0. From (25), r(t) = η(t) + k app e y (t),
and substituting (28) and its derivative into (8) , it follows (24).
Conclusion
This paper deals with an approximation of a derivative using a dynamic system to avoid spikes and noise. After formulating the problem, two propositions are proven which allow to find a possible solution.
